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Abstract  A  system  consisting  of  multiple  mobile  robots  in  which  the  robots  can  see  each 
other  by  their  eye  sensors  but  are  not  equipped  with  any  communication  system,  can  be  viewed 
as  a  distributed  system  in  which  the  components  (i.e.,  robots)  can  “communicate”  with  each 
other  only  by  means  of  their  moves.  We  use  this  system  to  investigate,  through  a  case  study 
of  a  number  of  problems  on  the  formation  of  geometric  figures  in  the  plane,  the  power  and 
limitations  of  the  distributed  control  method  for  mobile  robots.  In  the  distributed  control 
method,  at  every  tick  of  its  local  clock,  each  robot  observes  the  positions  of  all  the  robots 
and  moves  to  a  new  position  determined  by  the  given  algorithm.  The  robots  are  anonymous 
in  the  sense  that  they  all  execute  the  same  algorithm  and  they  cannot  be  distinguished  by 
appearances.  The  local  clocks  of  the  robots  are  not  necessarily  synchronized,  and  initially,  the 
robots  do  not  have  a  common  x  y  coordinate  system.  The  problems  we  discuss  include  (l) 
converging  the  robots  to  a  single  p~:nt,  (2)  moving  the  robots  to  a  single  point,  (3)  agreement 
on  a  single  point,  (4)  agreement  on  the  unit  distance,  (5)  agreement  on  direction,  and  (6)  leader 
election.  We  develop  algorithms  for  solving  some  of  these  problems  under  va.ious  conditions. 
Some  impossibility  results  are  also  presented. 


1  Introduction 

In  the  last  several  years,  interest  in  the  distributed  control  method  for  multiple  mobile  robots 
has  increased  considerably  [1,  2,  5,  7].  The  main  idea  of  the  method  is  to  let  each  robot  execute 
a  simple  algorithm  and  determine  its  movement  adaptively  based  on  the  observed  movement  of 
other  robots,  so  that  the  robots  as  a  whole  group  will  achieve  the  given  goal.  Th.s  approach  has 
been  shown  to  be  very  promising  for  the  generation  of  certain  patterns  and  collision  avoidance. 
In  the  earlier  works  on  distributed  robot  control,  the  main  emphasis  is  on  the  development 
of  heuristic  algorithms  for  various  problems  and  the  presentation  of  simulation  results,  and  in 
many  cases,  forma]  discussions  on  the  correctness  and  performance  of  the  algorithms  are  not 
given  [I]  15). 

A  robot  system  in  which  the  robots  can  communicate  with  each  othei  by  radio,  such  as 
a  system  of  radio-  con  trolled  vehicles  or  spaceships,  can  be  considered  as  a  distributed  system 
whose  communication  topology  is  a  complete  graph.  Therefore,  such  systems  can  be  analyzed 
using  the  standard  techniques  developed  for  distributed  computing  systems  (although  such 
analyses  are  by  no  means  easy).  In  this  paper,  we  consider  a  system  consisting  of  multiple 
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mobile  robots  in  which  the  robots  can  see  each  other  by  their  eye  sensors,  but  they  are  not 
equipped  with  any  communication  system.  We  view  this  system  as  a  distributed  system  in  which 
the  components  (i.e.,  robots)  can  “communicate”  with  each  other  only  by  means  of  their  moves 
Clearly  this  system  is  a  suitable  model  for  studying  the  distributed  control  method  mentioned 
in  the  previous  paragraph.  As  the  reader  might  expect  from  the  assumptions  we  make  about  the 
robots  below,  the  study  reveals  delicate  interplay  of  a  number  of  key  concepts  of  distributed 
computing,  such  as  synchrony  and  asynchrony,  communication,  termination  detection,  self 
stabilization,  anonymity  of  processors,  and  knowledge  (in  a  casual  sense). 

A  basic  problem  for  such  a  robot  system  is  to  design  an  algorithm  such  that,  if  all  the 
robots  execute  it  individually,  then  the  robots  as  a  whole  group  will  eventually  form  the  given 
geometric  figure,  such  as  a  circle  and  a  line  segment  (3,  5,  6j.  The  main  goal  of  this  paper  is 
to  present  some  theoretical  results  related  to  this  problem.  The  results  presented  here  provide 
useful  insights  that  will  help  us  to  answer  certain  fundamental  questions,  such  a*  whether  the 
given  algorithm  really  solves  the  given  problem  and,  for  that  matter,  whether  the  given  problem 
is  solvable  at  all  in  a  strict  sense  by  a  distributed  algorithm.  This  work  is  a  step  toward  the 
ultimate  goal  of  determining  exactly  what  class  of  problem*  are  solvable  in  a  distributed  manner. 

We  assume  that  each  robot  is  a  mobile  processor  having  an  eye  sensor  which,  at  every  tick 
of  its  local  clock,  observes  the  positions  of  all  the  robots  (including  itself)  in  terms  of  its  own 
local  i  y  coordinate  system,  and  moves  to  a  new  position  determined  by  the  given  algorithm. 
To  simplify  the  discussion,  in  this  paper  we  assume  that  a  robot  can  move  to  its  new  position 
instantaneously.  This  assumption  helps  us  to  bring  out  the  fundamental  issues  of  the  problem, 
and  still,  many  of  the  techniques  and  results  we  obtain  for  this  simplified  case  seem  to  apply 
(with  some  modifications)  to  the  case  when  the  move  of  a  robot  is  not  instantaneous.  (We  plan 
to  report  on  the  noninstantaneous  case  in  a  future  paper.) 

The  robot  (or  the  algorithm  it  uses  to  con.  ite  the  new  position)  is  oblitnous  if  the  new 
position  is  determined  only  from  the  positions  ol  the  robots  observed  at  that  time  instant 
Otherwise,  it  is  not  oblivious,  and  the  new  position  may  depend  also  on  the  observations  made 
in  the  past.  The  local  clocks  of  the  robots  are  not  necessarily  synchronized,  i.e.,  they  may  tick 
at  different  rates,  ft  is  assumed  that  initially,  the  robots  do  not  have  a  common  z  y  coordinate 
system.  So  tfc®  local  x-y  coordinate  systems  of  two  robot  may  not  agree  on  any  of  the  following: 
the  location  o’  the  origin,  the  unit  distance,  and  the  direction  of  the  positive  x-axis  Finally, 
we  assume  tha’.  the  robots  aie  anonymous,  in  the  sense  that  they  all  use  the  same  algorithm 
for  determining  the  next  position,  anJ  the/  cannot  be  distinguished  by  their  appearances  This 
implies,  for  example,  that  depending  on  what  movements  are  allowed,  a  robot  that  observes 
other  robots  at  two  consecutive  clock  ticks  may  not  be  able  to  tell  which  robot  has  moved  to 
which  position  between  the  two  ticks. 

Under  these  assumptions,  we  first  consider  the  problem  of  converging  all  the  robots  toward  a 
single  point.  (The  process  of  convergence  need  not  terminate  in  finite  steps.)  Note  that  since  the 
robots  do  not  have  a  common  x-y  coordinate  system,  we  cannot  simply  use  an  algorithm  such  as 
“move  toward  point  (0,0)”.  For  this  problem,  we  give  an  oblivious  algorithm  and  then  discuss 
the  subtlety  of  the  problem  by  showing  how  certain  minor  changes  in  the  algorithm  or  the 
assumption  afTect  the  possibility  of  achieving  the  goal.  Abo,  we  show  that  the  set  of  geometric 
figures  realizable  by  any  deterministic  algorithm  must  necessarily  include  the  configuration  in 
which  all  robots  are  located  at  the  same  position. 

Next,  we  investigate  the  problem  of  having  the  robots  agree  on  a  common  x-y  coordinate 
system.  Clearly,  such  an  agreement  can  greatly  reduce  the  complexity  of  subsequent  motion 
coordination  algorithms.  The  problem  consists  of  three  subproblems,  agreement  on  the  origin, 
agreement  on  the  unit  distance,  and  agreement  on  the  direction  of  the  positive  x-axis  We 
first  consider  a  related  problem  of  moving  two  robots  to  a  single  point  in  finite  steps  (such  a 
problem  is  called  a  formation  problem ,  in  contrast  to  a  convergence  problem)  and  show  that 
this  problem  can  be  solved  by  a  nonoblivious  algorithm  but  not  by  any  oblivious  algorithm 
(The  corresponding  convergence  problem  can  be  solved  by  an  oblivious  algorithm,  as  w?  stated 


1  /:=0; 

2.  repeat 

3.  Wait  until  cr  ticks;  Let  k  be  the  new  value  of  cr\ 

J*  Start  Move  Action  */ 

4  Let  PT  be  the  multiset  of  positions  of  the  robots,  excluding  r,  at  local  time  k , 

given  in  terms  of  Zr\ 

!).  /  :=  JU  {(p.k)\p€  f*r)  U  {(p*,k)},  where  p*  is  the  current  position  of  r, 

6  Randomly  select  an  element  q  from  V>(/); 

7.  Move  to  q, 

/*  End  Move  Action  */ 

H.  until  forever 


Figure  l:  Behavior  of  robot  r. 


above.)  Since  two  robots  can  agree  on  the  origin  if  they  can  move  to  a  single  point,  this  result 
shows  that  agreement  on  the  origin  for  two  robots  is  solvable  by  a  nonoblivious  algorithm 
Mui cover f  we  ‘‘how  th-.*  on  ♦be  <>*•;«»;»»  ««  cr>!v*ble  by  *  nonoblivious  algorithm  even 

for  the  case  n  >  2,  where  n  is  the  number  of  robots.  We  also  show  that  agreement  on  the  unit 
distance  is  solvable  by  a  nonoblivious  algorithm  if  either  n  =  2,  or  n  >  2  and  no  two  robots  are 
“clones”  (to  be  defined  later)  of  each  other.  On  the  other  hand,  we  show  that  agreement  on 
direction  is  not  solvable  even  if  n  =  2  and  the  clocks  are  synchronized.  This  last  result  shows 
that  the  robots  cannot  agree  on  a  common  xy  coordinate  system  in  general 

Finally,  we  consider  the  case  in  which  the  robots  have  a  sense  of  direction  (i.e  ,  the  direction 
of  the  positive  z  axis  is  the  same  for  all  robots).  For  this  case,  we  show  that  the  robots  can  agree 
on  a  common  z-y  coordinate  system  and  elect  a  leader,  provided  that  no  “clones”  exist.  We 
can  show  that  once  a  unique  leader  is  elected,  the  robots  can  be  moved  to  form  any  geometric 
figure. 

It  can  be  shown  that  if  the  local  clocks  are  synchronized,  then  the  robots  can  easily  com 
municate  with  each  other  by  means  of  the  distances  of  their  moves,  once  they  agree  on  the 
unit  distance.  Therefore,  many  problems  on  synchronized  robot  systems  can  be  reduced  to 
the  corresponding  problems  on  anonymous  complete  networks,  and  can  be  analyzed  using  the 
techniques  developed,  for  example,  in  {8J.  Details  can  be  found  in  the  full  paper 

We  present  necessary  definitions  and  basic  assumptions  in  Section  2.  Section  J  discusses 
the  problem  of  converging  the  robots  to  a  point.  Agreement  on  a  common  coordinate  system 
is  discussed  in  Section  * .  In  Section  5  we  consider  the  case  in  which  the  robots  have  a  sense  of 
direction.  Concluding  remarks  are  found  in  Section  6.  In  this  abstract,  we  present  only  ihp  kpy 
ideas.  All  the  details  and  the  missing  proofs  can  be  found  in  the  full  paper 

2  Definitions  and  Basic  Assumptions 

We  briefly  formalize  the  problem  described  in  Section  1. 

A  robot  r  is  a  mobile  processor  with  sufficiently  large  memory  space,  an  artificial  eye  sensor, 
a  local  z-y  coordinate  system  Zry  and  a  local  clock  cr.  The  behavior  cf  r  is  given  in  Figure  I. 
Local  clock  cr  is  an  integer  counter  whose  contents,  initially  0,  continue  to  increase  by  1  (i.e., 
the  clock  “ticks")  at  infinitely  many  (unknown)  real  time  instants.  We  assume  that  at  real  time 
0,  r  is  at  the  origin  (0,0)  of  Zr,  executes  line  1  instantaneously,  and  waits  (in  line  3)  for  its  local 
clock  cr  to  tick  and  reach  the  value  1.  The  robots  have  no  access  to  real  lime  The  symbol  I . 
called  the  configuration  of  the  memory  of  r,  is  a  multiset1  containing  elements  of  the  form 

1  For  simplicity,  **e  uiumt  that  a  robot  is  a  point,  and  hence  two  or  more  robots  can  occupy  the  same  position 
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1 .  (p,  k),  where  p  is  ihe  position  of  a  robot  other  than  r  that  r  observed  at  ioral  time  1,  and 

^  (p*k),  where  p  is  ihe  position  of  r  at  local  time  k. 

Hciv,  p  is  given  in  terms  of  Zr.  The  fumdon  y>  (fine  6)  is  railed  an  algorithm  tor  r,  where  for 
each  configuration  f,  V’(/)is  the  set  of  possible  next  positions  of  r  (given  in  terms  of  Z,)  when 
r  “knows”  1.  If  0(f)  1S  a  singleton  for  all  /,  then  ||>  ,s  said  to  be  deterministic  Otherwise  r 
randomly  selects  its  next  position  from  V’(/)  (tine  6),  and  hence  *-  is  a  random, zed  algor, thin 
The  fact  that  /  contams  elements  of  the  form  (p,t)  indicates  that  r  always  knows  ns  current 
position  in  terms  of  Z,  Also,  note  that  /  contains  only  the  positions  of  the  robots  that  r  has 
observed.  So  r  never  observes,  for  example,  the  velocity  of  other  robots.  Note  that  the  robots 

are  anonymous  in  the  following  sense:  ( I )  the  initial  configuration  0  and  function  0  are  . . on 

to  all  the  robots,  (2)  the  identifier  “r”  of  robot  r  is  not  an  argument  of  0,  and  {.))  f,  contains 
only  the  positions  of  the  robots  (but  not  their  identities). 

We  assume  that  different  robots  may  have  different  coordinate  systems,  i.e  ,  Z,  /  Z,  for 
some  robots  r  and  s.  Local  clocks  of  two  robots  are  said  to  be  synchronized  if  they  alwavs  tick 
simultaneously;  otherwise,  they  are  asynchronous.  Unless  otherwise  stated,  we  assume  that  the 
local  clocks  are  not  necessarily  synchronized.  Therefore,  even  though  all  the  robots  execute  bne 
1  at  real  time  0,  they  may  not  execute  line  4  for  the  first  time  simultaneously.  This  means  that 
the  robots  may  not  be  able  to  obtain  a  consistent  view  of  their  initial  distribution  In  fact  we 
will  see  that  the  difficulty  of  obtaining  a  consistent  view  of  the  system  is  a  source  of  some  of' the 
technical  problems  in  designing  correct  algorithms.  For  example,  if  ail  the  robots  know  that 
they  can  observe  their  initial  distribution  simultaneously,  then  they  can  adopt  the  center  of 
gravity  of  their  distribution  as  the  common  origin,  and  the  minimum  distance  net  ween  any  two 
robots  as  the  common  unit  distance.  So  the  robots  can  move  to  a  point  on  the  circumference 
or  the  unit  cire.e  centered  at  .„e  origin,  and  form  an  approximation  of  a  circle. 

Robot  r  is  said  to  be  active  when  it  executes  lines  4-7;  otherwise,  it  is  inactive  By  the 
definition  of  cr,  r  becomes  active  infinitely  many  times.  As  we  stated  in  Section  I,  we  assume 
that  a  robot  can  move  to  any  position  instantaneously,  and  thus  the  time  it  takes  to  execute 
uijw»  4-7  is  negligibly  small. 

Using  this  framework,  it  is  possible  to  discuss  the  situation  in  which  some  robots  are  added 
and/or  removed  from  the  system  dynamically.  This  can  be  done  by  assuming  that  a  robot 
becomes  visible  (or  invisible)  when  it  is  added  (or  removed)  from  the  system.  Under  this 
assumption,  all  the  algorithms  we  present  in  this  paper  can  easily  be  modified  to  work  correctly 
even  if  the  number  of  robots  changes  a  finite  number  of  times.  (See  the  full  paper  for  details  ) 
Algorithms  having  this  property  can  be  viewed  as  self-stabilizing  algorithms,  since  they  solve 
the  given  problem  in  the  presence  of  transient  failures.  This  is  an  advantage  of  the  distributed 
control  method.  In  the  centralized  method,  the  entire  system  can  crash  if  the  robot  controlling 
all  other  robots  becomes  faulty  (and  is  removed). 

Fix  an  z-y  coordinate  system  Z.  (The  robots  have  no  information  on  Z.)  Let  x  be  a 
predicate  over  the  set  of  multisets  of  points  (given  in  terms  of  Z)  that  is  invariant  under  any 
motion  (i.e.,  rotation  and  parallel  transformation)  and  uniform  scaling.  For  exampe  x  might 
be  true  iff  the  given  points  are  on  the  circumference  of  a  circle  or  on  a  bne  segment  For  such  x 
we  consider  two  types  of  problems,  the  convergence  problem  and  the  formation  problem  In  the 
convergence  problem,  the  goal  is  to  design  an  algorithm  V>  such  that,  if  all  the  robots  execute 
the  instructions  using  0,  then  the  positions  of  the  robots  converge  to  a  multiset  of  points  (with 
respect  to  the  absolute  coordinate  system  Z)  satisfying  x,  regardless  of  the  initial  distribution 
of  the  robots  The  formation  problem  is  similar,  except  that  the  robots  must  reach  some  points 
satisfying  x  ,n  finite  steps.  Since  the  robots  have  no  knowledge  of  the  coordinate  system  Z  all 
we  can  expect  ,s  to  have  the  robots  converge  to  or  form  a  figure  which  is  similar  to  the  given 

; * ,h*1  ^ -  -  -  *• 
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goal  figure.  The  restriction  on  x  stated  above  was  introduced  for  this  reason  All  predicates  we 
discuss  in  the  following  are  assumed  to  satisfy  this  condition. 


3  Converging  to  a  Point 

Define  a  predicate  by  ,  •  •  ■ ,  P«)  =  fruc  iff  p,  =  p,  for  any  1  <  i,j  <  »»,  where 

u  >  2  is  the  number  of  robots.  In  this  section  we  discuss  the  convergence  problem  for  it 
whicl.  've  cal*  POINT.  That  is,  POINT  is  the  problem  of  converging  ail  the  robots  to  a  single 
point.  We  present  three  correct  oblivious  algorithms  and  one  incorrect  algorithm.  All  of  these 
are  deterministic  algorithms.  We  also  discuss  a  limitation  of  deterministic  algorithms 

Our  first  algorithm,  Wo* nt,  simply  moves  each  robot  r  to  the  midpoint  of  its  current  position 
and  the  position  of  a  robot  that  is  currently  furthest  from  r.  Formally,  let  p*  and  PT  be  the 
current  position  of  r  and  the  multiset  of  positions  of  all  other  robots  at  local  lime  k,  respectively, 
as  in  lines  3  and  4  of  Figure  I.  Since  Wou«t  is  oblivious,  fAn  simply  be  written  as 

Then  W«***<(^»P*)  =  Up*  +p)/2},  where  p  is  any  of  the  points  in  Pr  furthest 

from  p* 

Theorem  1  Function  W©«»it  correctly  solves  problem  POINT. 

Outline  of  Proof  For  any  real  time  t,  let  .V(f)  be  the  set  of  positions  of  the  robots  at  t.  Then 
it  suffices  to  show  that  CH(S(t))  converges  to  a  single  point  as  t  goes  to  infinity,  where  C H 
denotes  the  convex  hull.  Suppose  this  is  not  the  case.  Since  CH(S(t))  D  CH(S(t'))  for  any 
real  times  t  and  l'  such  that  t  <  t\  CH(S(t))  must  then  cot  verge  to  a  convex  polygon  C.  This 
implies  that  for  any  small  real  number  6  >  0,  there  exists  some  real  time  <0  such  that  for  any 
t  >  f0  and  any  corner  v  of  C,  there  is  at  least  one  robot  in  the  6 -neighborhood  of  v  (denoted  6„). 
If  6  is  chosen  sufficiently  small,  then  any  such  inactive  robot  must  eventually  (become  active 
and)  leave  6uy  since  the  robots  that  are  furthest  from  it  are  located  near  the  6- neighborhood  of 
some  other  corners  of  C  ,  that  are  more  than  away  from  v.  So,  for  CH(S(t))  to  converge  to 
C,  some  of  the  robots,  say  r,  must  enter  6V  repeatedly.  However,  since  6  is  chosen  sufficiently 
small,  this  is  possible  only  if  there  already  is  a  robot  in  6V  when  r  chooses  a  robot  furthest  from 
itself.  Cleariy  this  is  impossible.  Q 

Let  us  modify  W©*m,  and  use  point  p  (the  point  in  Pr  furthest  from  p')  instead  ot  (p*  +  p)/2 
as  the  next  position  of  r.  That  is,  robot  r  moves  to  the  position  of  a  robot  furthest  from 
itself.  This  function  does  not  solve  POINT,  since  of  there  are  only  two  robots  and  their  clocks 
are  synchronized,  then  they  simply  continue  to  exchange  their  positions.  In  fact,  using  an 
argument  similar  to  that  in  the  proof  of  Theorem  1,  we  can  prove  the  following  theorem.  Let 
Vv««nii(Pr  ,p*)  =  {bpm  +  (1  -  h)p),  where  6  is  a  constant  real  number 

Theorem  2  2  Function  Wo*n(i  correctly  solves  problem  POINT  iff  0  <  b  <  1 

Another  possible  algorithm  for  POINT  is  function  V’pcinizf^iP*)  =  where  g  is  the 
gravity  center  of  p*  and  the  points  in  Pr.  (We  can  prove  its  correctness  using  an  argument 
similar  to  that  in  the  proof  of  Theorem  1.)  Note  that  if  the  local  clocks  are  synchronized, 
then  it  can  solve  POINT  in  one  step,  sine*  all  robots  simultaneously  move  to  g.  However,  if 
the  clocks  are  not  synchronized,  it  is  not  clear  whether  or  not  W<»nt2  can  solve  POINT  more 
quickly  than  Wo mi  in  general. 

Function  Wot ntaCft,?*)  =  {(p*  +  q)/ 2},  where  q  (/  p*)  is  a  point  in  Pr  closest  to  p",  moves 
robot  r  to  the  midpoint  of  r  and  a  robot  nearest  to  r.  This  function  may  seem  to  be  a  better 
algorithm  than  Wo»«i»  since  finding  a  nearest  robot  can  be  easier  than  finding  a  furthest  one. 
Unfortunately,  Wo«n(3  does  not  solve  POINT.  To  see  this,  consider  the  case  of  four  robots 

2 The  theorem  is  partially  suggested  by  Saito(4]. 
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ri»r2.r3  an<l  r4  in  which  initially,  r|  and  r3  (or  r3  and  r4)  are  close  to  each  other  hut  r,  and  r3 
are  far  apart  Then,  rt  and  r7  (or  r3  and  r<)  converge  to  a  point,  but  since  this  process  never 
terminates  in  finite  steps,  the  four  robots  never  converge  to  a  point. 

The  next  theorem  states  that  any  problem  solvable  by  a  deterministic  algorithm  is  actually 
solvable  by  an  algorithm  for  POINT,  such  as 

Theorem  3  Let  *  be  a  predicate  which  is  invariant  under  any  motion  and  similarity  t  hen 
there  is  a  deterministic  algorithm  for  solving  the  convergence  problem  for  x  if  and  only  if  for 
any  p,  *eo,n<(P)  implies  t (P) 

The  proof  of  Theorem  3  uses  the  fact  that  “clones”  remain  indistinguishable  forever,  where 
two  robots  r  and  s  are  clones  of  each  other  if  they  have  the  same  coordinate  system  (and 
thus  by  assumption,  the  same  initial  position),  and  their  local  clocks  are  synchronized.  In  the 
following,  we  assume  that  no  clones  exist. 


4  Agreement  on  a  Coordinate  System 

In  this  section  we  investigate  the  problem  of  obtaining  a  common  coordinate  system,  where  the 
goal  is  to  let  the  robots  agree  on  the  origin,  unit  distance,  and  direction.  If  the  robots  have 
a  common  coordinate  system,  then  a  special  leader  robot  can  be  elected  (if  necessary)  that 
controls  all  other  robots.  It  turns  out,  however,  that  agreeing  on  a  coordinate  system  is  not 
possible  in  general.  Specifically,  we  show  that,  while  it  is  possible  for  the  robots  to  agree  on 
the  origin  and  unit  distance,  agreeing  on  direction  is  not  possible  in  general.  We  also  discuss  a 
limitation  of  oblivious  algorithms. 

4.1  Agreement  on  the  Origin 

We  call  the  problem  of  agreeing  on  the  origin  ORIGIN.  We  first  consider  the  formation  problem 
for  two  robots,  called  MEET,  for  predicate  irpo,n,  introduced  in  Section  3.  The  goal  of  MEET  is 
thus  to  move  two  robots  to  a  single  point  in  finite  steps.  Recall  that  function  of  Section  3 

solves  the  corresponding  convergence  problem  for  any  number  of  robots.  We  have: 

Theorem  4  There  is  no  oblivious  algorithm  to  solve  problem  MEET. 

Outline  of  Proof  Consider  robots  r  and  s.  Suppose  that  there  is  an  oblivious  algorithm  t 
that  solves  MEET.  We  first  observe  that,  regardless  of  ZT  and  Z„  there  must  be  positions  p 
and  q  (given  in  terms  of  Z)  of  robots  r  and  s,  respectively,  such  that,  from  that  configuration. 
0  moves  exactly  one  of  r  and  s  to  the  position  of  the  other.  (If  this  is  not  true,  then  by 
changing  the  rate  of  their  local  clocks  carefully  and  using  the  fact  that  if)  is  oblivious,  we  can 
obtain  an  infinite  sequence  of  moves  that  never  brings  the  robots  to  a  single  point.)  Now, 
consider  an  initial  configuration  in  which,  in  terms  of  Z,  r  is  at  (0,0),  s  is  at  (I,  l),  Zr  =  Z, 
and  Z,  is  obtained  from  Zr  by  translating  its  origin  to  (1, 1)  and  then  rotating  it  about  (1,1) 
for  180  degrees.  Then  the  situation  looks  identical  to  both  r  and  s.  Thus  even  though  V>  may 
not  be  deterministic,  all  future  configurations  can  look  identical  to  r  and  s,  if  their  clocks  are 
synchronized  and  they  always  move  in  the  same  (symmetric)  manner.  So  it  is  possible  that 
they  never  reach  a  configuration  in  which  V»  moves  exactly  one  of  r  and  s  to  the  position  of  the 
other.  This  is  a  contradiction.  O 

On  the  other  hand,  we  can  show  that  there  is  a  non  oblivious  algorithm,  called  for 

solving  MEET.  Instead  of  describing  tfwei  formally,  we  explain  the  behavior  of  a  robot  that 
executes  it. 

Algorithm  if  meet-  When  robot  r  becomes  active  for  the  first  time,  it  tests  whether  the  other 
robot  s  is  at  the  same  position  as  itself.  If  so,  then  r  does  not  do  anything.  Otherwise,  r  rotates 
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its  coordinate  system  Zr  about  the  origin  so  that  s  is  on  the  positive  y  axis  of  ZTi  say  at  (0,  a) 
(By  assumption,  r  is  at  (0,0)  of  Zr.)  Then  it  moves  in  the  positive  x  direction  of  ZT ,  over  any 
nonzero  distance.  It  then  continues  to  move  in  the  same  direction  whenever  it  becomes  active, 
until  it  observes  that  the  position  of  a  has  changed  twice. 

Now,  r  knows  line  t  that  contains  the  trajectory  of  s.  (Note  that  by  symmetry,  i  is  the 
x-axis  of  s *s  coordinate  system  Zs.)  If  t  is  parallel  to  the  x-axis  of  Z,y  then  r  moves  to  (0,o/2). 
Otherwise,  r  moves  to  the  intersection  of  (  and  the  x-axis  of  Zr.  □ 

Theorem  5  Function  Vw rt  correctly  solves  problem  MEET. 


Outline  of  Proof  The  key  observation  is  the  following:  When  one  of  the  robots,  say  r,  ob 
serves  that  the  position  of  5  has  changed  twice,  s  must  have  already  observed  that  r’s  position 
has  changed  at  least  once,  and  thus  x  knows  where  the  x-axis  of  ZT  is  Simd*.rly,  s  will  know 
that  r  knows  where  the  z  axis  of  Za  is.  Now,  it  is  easy  to  show  that  the  trajectory  of  r  (i.e.,  the 
x-axis  of  Zr)  and  the  trajectory  of  a  (i.e.,  the  x-axis  of  Z3)  are  parallel  iff  r  and  s  become  active 
for  the  first  time  simultaneously.  Also,  if  they  become  active  for  the  first  time  simultaneously, 
then  each  robot  has  seen  the  other  robot  when  it  was  at  its  initial  position.  So  if  the  two 
trajectories  a;*»  parallel,  then  they  move  to  the  midpoint  of  their  initial  positions.  (They  know 
where  that  point  is.)  Otherwise  they  move  to  the  intersection  of  the  two  axes.  Q 

Note  that  in  V’meet*  both  robots  know  the  position  where  they  meet  before  reaching  there 
(This  is  not  true  for  the  algorithms  in  the  previous  section.)  Thus  V>me*i  solves  ORIGIN  for  two 
robots,  except  in  the  case  when  the  robots  have  the  same  initial  position.  In  this  case,  neither  of 
the  robots  ever  moves,  and  thus  they  will  never  know  whether  they  have  reached  an  agreement 
We  cope  with  this  problem  by  using  additional  instructions  before  Each  time  r  becomes 

active  and  finds  that  the  other  robot  s  is  at  the  same  position  as  itself,  it  moves  over  distance 
1  in  the  positive  x-direction  of  Zr.  (Robot  s  moves  in  a  similar  manner,  using  its  local  clock  ct 
and  coordinate  system  Zt.)  Then,  using  the  assumption  that  clones  do  not  exist,  we  can  show 
that  eventually,  r  and  .«  will  occupy  different  positions.  Then  each  of  them  starts  executing 
V’meet  when  it  becomes  active  again,  and  eventually  they  both  move  to  the  same  position  (and 
agree  on  the  origin).  So  ORIGIN  is  solvable  for  n  =  2. 

Now,  we  describe  an  algorithm  for  ORIGIN  for  the  case  n  >  2.  Before  we  apply 

we  use  another  algorithm  ^pcmiter  to  transform  the  given  initial  distribution  of  the  robots 
into  one  in  which  ( 1 )  no  two  robots  occupy  the  same  position,  and  (2)  the  robots  are  not  located 
on  a  single  bne  segment.  Algorithm  consists  of  two  parts.  Part  1  moves  all  the  robots 

to  distinct  positions,  and  is  similar  to,  but  more  complex  than,  the  scattering  process  we  used 
f°r  (We  can  prove  its  correctness  using  the  assumption  that  no  clones  exist.)  Part  2 

assures  that  the  robots  do  not  form  a  single  line  segment. 

Algorithm 

Part  1:  Suppose  that  robot  r  becomes  active  and  finds  that  not  all  robots  occupy  distinct 
positions.  (Otherwise,  Part  1  is  over.)  Let  Pr  be  the  positions  of  the  robots  that  r  observes, 
given  in  terms  of  Zr.  (1)  If  no  other  robot  is  located  at  the  current  position  of  r,  then  r  does 
not  move,  until  it  observes  that  all  robots  occupy  distinct  positions.  (2)  On  the  other  hand,  if 
m  ^  1  other  robots  are  located  at  the  current  position  of  r,  then  r  finds  the  distance  a*  >  0 
to  its  nearest  neighbor  (excluding  those  at  the  current  position  of  r),  and  computes  the  value 
br  -  «r/(«ir)/2,  where  for  x  >  0,  f(x)  ~  1  -  l/2r  is  a  monotonicaUy  increasing  function  in  the 
range  (0, 1).  Then  r  moves  over  distance  6r/2  in  the  positive  x-direction.  After  that,  each  time 
r  becomes  active  and  finds  that  there  are  still  m  other  robots  at  the  same  position  as  itself,  r 
tnoves  over  distance  br/2k  in  the  same  direction,  if  this  is  the  k- th  move  {k  =  2,3,. . .).  When 
r  eventually  becomes  active  and  finds  that  there  are  fewer  than  m  other  robots  at  the  same 
Position  as  itself,  r  repeats  this  entire  procedure  irom  the  beginning  of  (2),  using  a  new  value 
of  Ur  (and  resetting  k).  This  process  is  repeated  each  time  r  finds  that  fewer  robots  are  located 
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at  the  same  position  as  itself,  until  no  other  robot  is  found  to  occupy  the  same  position  as  r 
Then  r  waits,  without  moving,  until  ail  robots  occupy  distinct  positions. 

Part  2:  (At  this  moment,  all  the  robots  occupy  distinct  positions.}  Suppose  that  robot  r 
becomes  active  and  finds  that  the  robots  are  Ic rated  on  a  single  line  segment.  (Otherwise 
Part  2  is  over.)  If  r  is  located  at  an  endpoint  of  the  segment,  then  it  does  not  move  If  r  is  not 
at  an  endpoint,  then  r  moves  over  any  distance  in  the  direction  perpendicular  *o  the  segment 
(As  soon  as  some  robot  does  this,  the  robots  longer  form  a  single  line  segment,  and  of  course, 
ad  the  robots  occupy  distinct  positions.)  □ 


One  technical  difficulty  is  that  in  general,  a  robot  cannot  determine,  given  the  positions  of 
the  robots  observed  at  two  time  instants  t,  and  lit  which  robot  has  moved  to  which  position 
between  and  tj.  We  overcome  this  problem  by  imposing  a  bound  on  the  maximum  distance 
that  any  robot  can  move  while  other  robots  are  inactive,  so  that  the  robot  at  position  p  at  time 
ti  must  be  at  the  position  closest  to  p  at  time  tj.  Specifically,  when  robot  r  becomes  active  for 
the  first  time,  it  memorizes  the  distance  av  >  0  to  its  nearest  neighbor.  Then  r  moves  *i  most 
distance  ar(/2k  in  the  ib-th  move,  where  0  <  *  <  1/2  is  a  constant  chosen  by  the  algorithm  This 
restriction  assurer  that  r  remains  in  the  interior  of  the  ar<  neighborhood  of  its  initial  position 
Since  the  interiors  of  such  neighborhoods  of  wo  robots  located  at  different  positions  do  not 
intersect,  any  robot  can  correctly  know  the  position  of  r,  even  after  it  remains  inactive  for  a 
long  time.  In  Part  2  of  t/)3C*ttcr >  we  used  a  similar  technique  to  prevent  two  robots  located  at 
different  positions  from  moving  to  the  same  position 

Algorithm  Vw,f,n  is  given  next.  Each  robot  first  executes  algorithm  rj>icatle r,  and  then  starts 
executing  i(ortgin  as  soon  as  it  finds  that  (1)  no  two  robots  occupy  the  same  position,  and  (2) 
the  robots  are  not  located  on  a  single  line  segment.  So  in  the  following  description  of  tf»or,9,n, 
we  assume  that  these  two  conditions  are  already  satisfied. 

Algorithm  0oriyin:  Let  PT  be  the  positions  of  the  robots  that  r  observes  when  it  becomes 
active  for  the  first  time  (alter  finishing  leaner)-  Robot  r  finds  the  distance  ar  to  its  nearest 
neighbor.  If  r  is  not  at  a  corner  of  the  convex  hull  CH{Pr)  of  the  points  in  Pry  then  r  memorizes 
the  current  position  p  of  its  nearest  neighbor,  and  moves  towards  p  each  time  it  becomes  active, 
staying  in  the  interior  of  the  (or/2)  neighborhood  of  its  initial  position.  (See  the  explanation 
in  the  preceding  paragraph.)  Suppose  that  r  is  at  a  corner  of  CH(Pr),  and  let  a,  6,  c  and  d 
be  consecutive  corners  in  clockwise  order,  where  r  is  at  6.  Then  r  memorizes  the  direction  that 
is  away  from  a  along  the  line  containing  ah,  and  moves  in  that  direction  each  time  it  becomes 
active,  staying  in  the  interior  of  the  arc-neighborhood  of  b  for  some  f  <  1/2.  Here,  t  A  chosen 
so  that  the  at(- neighborhood  does  not  intersect  the  line  containing  c3.  (This  assures  that  the 
robot  s  at  corner  c  remains  to  be  at  a  corner  of  the  convex  hulls  of  the  new  positions  of  the 
robots  even  after  r  and  s  move.) 

Robot  r  continue*  to  as  described  above,  until  it  observes  that  the  position  of  each 

robot  has  changed  at  least  twice.  Then,  r  knows  line  lt  containing  the  trajectory  of  s  for  each 
robot  .«  -t  a  corner  of  the  initial  convex  hull.  Since  the  convex  hull  of  the  initial  positions  of 
the  robots  is  a  k  sided  polygon  for  some  k  >  3,  the  lines  {£,}  determine  a  unique,  smallest 
convex  polygon  Q  that  contains  the  initial  convex  hull.  So  r  chooses  the  center  of  gravity  of 
the  corners  of  Q  as  the  (common)  origin.  O 

We  can  show  that  using  V'or.fm,  every  robot  eventually  knows  the  bn.'s  {*,}  (  *  lie 

trajectories  of  the  robots  that  are  not  at  a  corner  of  the  convex  hull  are  not  used  to  obtain 
the  common  origin.  We  must  still  move  such  robots,  however,  in  order  for  other  robots  r  to 
know  that  they  have  become  active  sufficiently  many  times  and  observed  r’s  movement  )  So 
Algorithm  Vw ,t,n  solves  ORIGIN  for  n  >  2. 

The  following  theorem  summarizes  the  discussion  given  above. 

Theorem  6  ORIGIN  w  solvable  (or  any  n  >  2. 
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*1.2  Agreement  on  the  Unit  Distance 
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VVe  call  the  problem  «>f  agreeing  on  the  unit  distance  UNI  T I )  I  SI*  For  the  case  n  2.  we  i.ui 
show  that  in  V\„rrt,  each  of  robots  r  and  s  eventually  finds  the  initial  position  of  the  other 
Then  they  t  an  use  the  distance  between  their  initial  positions  .is  the  unit  distance  for  the  ca.se 
n  *  2 ,  the  robots  tan  ch«M»se,  as  the  unit  distant  e.  the  length  t*f  a  shortest  -.ide  of  the  k  sided 
convex  polygon  Q  lfi.it  they  ofitained  u*ung  algorithm  in  Sni»ser tw>n  I  1  Sr*  w»>  have 

Theorem  7  /  \!  /’ PIS /’  is  solvable  for  any  n  -  2 

•1.3  Agreement  on  Direction 

Now  we  show  that  the  third  problem  of  agreeing  on  direr tion  is  uitsoivable  m  general  |.«*t 
rail  this  problem  1)1  RFC TION 

Theorem  K  J'ht  rr  i.s  no  algorithm  for  solving  /  •’  /  H  t(  III )  .V ,  eren  if  u  2  and  th*  hnni  clinks 
arr  synchnmurd 

Outline  of  Proof  Consider  two  robots  r  and  xstich  that  {  1 )  /,  is  obtained  from  /,  by  rotating 
it  for  1X0  degrees  about  the  origin,  and  (2)  the  local  (  locks  of  r  and  «  are  synchronized  f'hen 
it  is  possible  that  r  and  s  move  in  the  same  (symmetric)  manner  all  the  time,  anti  thus  when 
r  decides  the  direction  of  its  positive  x  axis.  <  chooses  the  opposite  direr 'lion  lor  as  positive* 

i  axis  '■  i 

Note  that  ls  we  stated  in  Section  2,  the  other  two  agreement  problems  are  trivially  solvable 
if  the  loral  r locks  are  synchronized 
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5  Robots  with  a  Sense  of  Direction 
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We  say  that  the  robots  have  a  sense  of  three  tion  if  they  agree  on  the  direition  of  the  positive 
i  axis  The  mam  result  of  this  section  is  the  following 

Theorem  9  //.*.'♦»•  rxtbots  have  a  sense  three  turn,  then  tnry  can  agree  on  u  common  mordinati 
system,  and  elect  a  leader 

Although  the  first  claim  follows  immediately  from  the  discussions  m  Subsections  4  l  and 
4.2,  in  the  full  paper  we  show  that  the  following  algorithm,  called  w solves  both  the 
coordinate  agreement  problem  and  the  leader  election  problem,  if  the  robots  have  a  sense  of 
direction  As  before,  it  is  assumed  that  we  first  use  y>tra nr,  so  that  no  two  robots  will  occupy 
vhe  ,ame  !  >*■  '••on 

Algorithm  VVoorrf,nao:  We  only  give  an  outline.  (We  use  “east"  to  denote  the  positive  x 
direction,  etc.)  The  idea  is  to  choose  the  horizontal  line  though  the  northern  most  robots  .is 
the  common  r  axis,  and  the  vertical  line  though  the  eastern  most  robots  as  the  common  y  axis 
To  achieve  ;!,ij  g-.»al,  (I)  each  eastern- most  robov  mat  is  i»ot  ..o  ther  .  i""*1  continue  to  rnve 
north  within  a  “small"  neighborhood  of  its  initial  position  (as  explained  in  Section  4).  and 
(2)  all  other  robots  continue  to  move  west  (If  there  is  a  robot  that  is  both  eastern  most  and 
northern  most,  then  it  first  moves  to  a  point  to  the  south  of  any  robot  that  is  eastern- most, 
and  then  does  (I).)  Then  eventually,  every  robot  knows  the  trajectories  of  a”  other  robots, 
and  chooses  the  northern  most  (or  eastern  most)  trajectory  as  the  common  i  for  y  )  axis.  The 
unit  distance  is  then  chosen  to  be  the  minimum  distance  >  0  between  any  two  westbound  (i  e  . 
horizontal }  trajectories  The  leader  is  the  northern  most  robot  among  the  eastern  most  robots 
n 
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Since  the  leader  « an  compute  the  fta.il  positions  of  all  the  robots  that  satisfy  any  giv»*n 
predicate  and  “guide"  them  to  their  respective  final  positions,  we  obtain  the  following  th^rem 
Details  will  be  found  in  the  full  paper 

Theorem  10  If  the  robots  have  a  sense  of  direction,  then  (or  any  predicate  *  ,  thr  convergence 
and  formation  problems  for  k  is  solvable 

In  particular,  we  have 

Corollary  1  If  the  robots  have  a  sense  of  direr iton.  then  the  problems  of  forming  a  «  irrlr  and 
a  line  segment  are  solvable 


6  Concluding  Remarks 

We  viewed  a  group  of  mobile  robots  as  a  distributed  system  ip  which  the  i.impm»*nts  fan 
communicate  with  each  other  only  by  means  of  their  moves,  and  investigated  the  possibility  and 
impossibility  of  solving  some  of  the  problems  related  to  the  formation  of  geometric  figures  in  the 
plane  Our  study  indicates  that  the  assumptions  we  make  on  the  knowledge  and  rapab;l.ties 
of  the  robots  can  affect  the  difficulty  of  solving  the  given  problem  in  a  subtle  way  VVe  are 
i  urrently  conducting  similar  investigations  on  (  i  )  randomized  algorithms,  (2)  the  case  in  which 
the  motion  of  a  robot  is  not  instantaneous,  and  (.1)  the  .1  dimensional  case  The  results  will  be 
reported  m  a  future  paper 
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